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In this note groups are considered all of whose cyclic subgroups are 
subnormal of defect two (i.e., are normal subgroups of normal subgroups of 
the group). It is easily seen that these groups are E3 groups and that all cyclic 
subgroups of any E, group are subnormal of defect two. It is also clear that 
the groups all of whose subgroups have normal normalizers (called “A’ groups” 
by Hobby [3]) belong to the class of groups considered. 
We obtain the following results: If all cyclic subgroups of the group G are 
subnormal of defect two, then x 0 ( yt2) o z) = 1 for all x, y, z E G. If, further- 
more, G is not a torsion group, then ~(2) 0 y = 1 for all x, y E G. Using the 
results of Levi [5] it is possible to derive a bound for the nilpotency class of G. 
Notations. 
{x, y, z,... } = subgroup generated by x, y, z ,..., 
x(l) 0 y = x 0 y = x-ly-lxy, 
x(n) oy 1 x 0 (x(“-1) 0 y), 
AoB =(aob)a6A,bEB}, 
Gl = G, G, = G 0 G,p, , 
Z(G)=(xJx~G,g~x=lforallg~G}=centreofG, 
G is an Ei group if xti) 0 y = 1 for all x, y E G, 
Commutator identities like (10.2.1.1)-(10.2.1.4) in M. Hall [l; p. 1501 
are frequently used without special reference. 
1. In this section we assume that the group G with all its cyclic sub- 
groups subnormal of defect two possesses an element of infinite order. 
THEOREM 1. Assume that the group G satis$es the following two conditions: 
(a) Every cyclic subgroup of G is subnormal of defect two; 
(b) There is an element of in.nite order in G. 
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Then 
(1) d2) 0 y = 1 for all x, y E G; 
(II) G4 = (GJ3 = 1. 
Proof. Let u be an element of infinite order in G and let g be any element 
of G. It is a consequence of (a) that 
for some integer k. This shows in particular that G is an E3 group, and we 
obtain from [2; Lemma 1, p. 6831, that 
1 =(Uog)o((uog).u)=(u.g).U-k=(U(2)og)k=Uka, 
and from the infinite order of u we conclude k = 0. Thus 
u(2) 0 g = 1 for all g E G and all u E G of infinite order. (1) 
As a next step we want to show gc2) 0 u = 1 for all g E G. If g itself is an 
element of infinite order we obtain this equation from (1). Ifg is of finite order, 
then gu is of infinite order (since E3 groups are locally nilpotent and the set 
of elements of finite order is a (characteristic) subgroup). By application of(l), 
1 = (PY2 o g = (A4 o (W o 47) = w o k o 4 = ((P) o (u o d-’ 
and we combine this with (1) again to obtain 
g(2) ou=l for all g E G and all u E G of infinite order. (2) 
By Kappe [4; Folgerung 2.2, p. 1901, all elements x of a group Y 
satisfying ~(~1 0x = 1 for all z E Y form a (characteristic) subgroup of Y. 
We want to show that all elements of G belong to this set of elements, and 
by (2) all elements of infinite order belong to it. If v is an element of finite 
order and u is an element of infinite order of G, then uv is of infinite order. 
So, by (3, 
and 
g(2) 0 u = g(2) 0 (f&T) = 1 for all g E G 
g(2) 0 (u-‘(w)) = g(2) 0 v = 1 for all g E G 
by Kappe [4; Folgerung 2.2, p. 1901. This shows (I). By Levi Ref. [5] we 
obtain (II) from (I). 
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2. Now we turn to the general case. 
THEOREM 2. If all cyclic subgroups of the group G are subnormal of defect 
two, then 
(I) x 0 (yt2) 0 x) = 1 for all x, y, x E G; 
(II) G, = (Gq)3 = 1. 
Proof. If G is not a torsion group, the statements of Theorem 2 hold by 
Theorem 1. From now on we assume that G is a torsion group. Since G is an 
E3 group, G is locally nilpotent and the direct product of its primary com- 
ponents. By [2; Lemma 4, p. 6871 we obtain that 
and 
(x 0 (y(2) 0 x))” = 1 
xo(y(2)ox) =yo(xo(yox)) =yo(x(2)oy) =xo(y”(xoy)) 
for all x, y E G. Assume the existence of a pair of elements x, y in G such that 
x o (y(2) o x) # 1. By the local nilpotency x and y may be chosen such that 
{x, y} is a 2-group. By hypothesis on G there are integers m, n such that 
and 
x 0 (y 0 x) = x”. 
Sincexo(y(2)ox) =yo(xo(yox)) # lwehaveyn # landxm # I.Thus 
and 
x 0 ( yt2) 0 x) = y 0 (X 0 (y 0 x)) E (x} n {y} 
x 0 ( yf2) 0 x) E {x”} n {p} _C {x} n {y}. 
Assume that the order of x” does not exceed the order of y”. Then we may put 
Then 
{x”} n {p} = {x”~~} and x"2' - - yan@. 
and 
CY”, 4 = {Y”, Y-q, lx, Y> = wx> Y> 
{p} n { y-anxm} = 1. 
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We compute the new basic commutators of length three, 
y(2) 0 (y-q = y(2) 0 x = y", 
(Y-4 o (Y o (Y-w) = (Y-w o (Y o 4 
= (x o (Y O 4)(Y-a o (Y o 4)(x o w a (Y o a-’ 
= xmy-?a, 
where c = x 0 (y@J 0 x) = y 0 (xc2) o y). If xmy+” = 1, then 
c = y 0 (x 0 (y 0 x)) = y 0 ((y-“x) 0 (y 0 (y-ax))) = y 0 (c”), 
which is impossible in a nilpotent group unless c = 1. If xnzy-an # 1, we find 
that xmy-anca $ { y”> since c belongs to {ye> but xmy-an does not. Furthermore, 
(~~y-~~c~)~* = (~~y-a~)~~ belongs to {y”} if and only if (xmy-an)2b = 1 by 
choice of a. So we find 
c = y 0 ((y-ax) 0 (y 0 (y-ax))) E (p} n {xy-av} = 1. 
Thus 
y 0 (x 0 (y 0 x)) = 1 for all x, y E G. (3) 
Consider now a primary finitely generated subgroup A of G. By [2; 
Hauptsatz 2, p. 6821 A is nilpotent, and we consider A = A/A, . The 
hypothesis on G in Theorem 2 is inherited by subgroups and by quotient 
groups, so a is a group all of whose cyclic subgroups are subnormal of defect 
two. Hence a 0 (bc2) o a) = 1 for all a, b E 2. Consider the elements U, v, b 
of A. By hypothesis there are integers r, s such that 
Since Ais primary we may assume without loss of generality that b’ is a power 
of bs, 
b’ = bsk 
We conclude that 
wo(b’2’ou) =wo(P.w)k = 1. 
If we substitute b for x and uw for y in (I), we obtain 
1 = (UV) 0 (bt2’ 0 (uw)) 
= (u o (b(2) o u))(v o (bt2’ 0 u))(u 0 (bc2’ 0 v))(v 0 (bc2’ 0 VI)) 
= u 0 (bt2’ 0 v). 
Thus 
24. 0 (w(2) ow) = 1 for all u, w, w E A. (4) 
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Assume now that a is not a 3-group. Then the quotient group A/Z(a) is an 
E, group and (a/Z(a)): = 1 by Levi [5]. Therefore /& = 1 and A, = A, ; 
we conclude that A, = 1. If A is a 3-group then A is a 3-group and A, = 1 
by [2; Hauptsatz 3, p. 6821. Thus A = A and A/Z(A) is an E, group. 
By Levi [5], (A/Z(A)), = 1 and we conclude that Ad3 = 1. As a locally 
nilpotent group is nilpotent of class m if all its finitely generated subgroups 
are, we obtain (II) of Theorem 2. Then (I) follows from (4). 
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